Abstract. Given an algebraic surface X, the Hilbert scheme X [n] of n-points on X admits a contraction morphism to the n-fold symmetric product X (n) with the extremal ray generated by a class βn of a rational curve. We determine the two point extremal GW-invariants of X [n] with respect to the class dβn for a simply-connected projective surface X and the quantum first Chern class operator of the tautological bundle on X [n] . The methods used are vertex algebraic description of H * (X [n] ), the localization technique applied to X = P 2 , and a generalization of the reduction theorem of Kiem-J. Li to the case of meromorphic 2-forms.
Introduction
The Hilbert scheme X
[n] of n-points of an algebraic surface X is a crepant resolution of the n-fold symmetric product X (n) . The extremal ray of the contraction map π : X
[n] → X (n) is generated by the class of a rational curve β n in X [n] . The k-point extremal Gromov-Witten invariants on X
[n] is defined by
When X is a simply-connected projective surface, the 1-point extremal GromovWitten invariants of X [n] are computed in [L-Q] . The main goal of this paper is to compute the 2-point extremal Gromov-Witten invariants of X [n] .
Besides its own interest, this research is motivated by the following two reasons. The first comes from a conjecture of Y. Ruan. Since X (n) = X n /S n is an orbifold, one may ask a McKay correspondence type question relating the cohomolgy ring of X [n] with the orbifold cohomolgy ring of X (n) . The orbifold cohomology ring H * CR (X n /S n ) was defined by Chen and Ruan in [C-R] (see also [AGV] ). Using the extremal Gromov-Witten invariants, Ruan defined a "restricted" quantum cohomology ring H * π (X [n] ) of the Hilbert scheme X [n] and conjectured in [Ruan] that H * CR (X n /S n ) is isomorphic to H * π (X [n] ) as rings (see also [B-G] ). The orbifold cohomology ring H
1
The other motivation is the vertex algebraic nature of the cohomology ring of X [n] . Grojnowski [Gro] and Nakajima [Na1] discovered that the direct sum of the cohomology groups of X
[n] over all n is a highest weight irreducible representation of a Heisenberg algebra. From the work of Lehn [Lehn] , Lehn-Sorger [L-S] , Li-QinWang [LQW] , and Costello-Grojnowski [C-G] on the cohomology ring of X [n] , the ring structure of X [n] can be understood via Chern characters of the tautological bundle on X [n] twisted by cohomology classes of X. In particular, the first Chern class of the tautological bundle plays a fundamental role. The right viewpoint is that the first Chern class should be regarded as an operator on the cohomology group X
[n] via the cup product. The operator is determined by Lehn in [Lehn] expressed in terms of Heisenberg operators. In the same spirit, to understand the quantum cohomology ring H * π (X [n] ), one needs to study the quantum first Chern class operator, which comes from the first Chern class acting on the cohomology group of X
[n] via the quantum product in H * π (X [n] ). This is equivalent to computing the two-point extremal Gromov-Witten invariants. When X is the complex plan equipped with a torus action, the full equivariant quantum cohomology ring of X [n] is determined in [O-P] . The method used there is via localization, and the key is to compute the quantum first Chern class operator. In this paper, we shall determine the quantum first Chern class operator when X is projective and simplyconnected. As a consequence, the two point extremal Gromov-Witten invariants are determined.
The main technique used in this paper is a generalized version of the reduction theorem of the virtual cycle of the moduli space M g,k (X [n] , d) of stable maps to the Hilbert scheme X [n] . The reduction theorem was first observed by Lee and Parker in symplectic geometry. The algebro-geometric treatment of it was done by Kiem and the first author in [K-L] . The original theorem deals with projective surfaces X with a holomorphic two-form. In order to cover general surfaces, we extend the reduction theorem to cover the case where only meromorphic sections of Ω 2 X are used. We now briefly outline the argument used in this paper.
The Hilbert scheme X [n] contains a rational curve {ξ x0 + x 1 + . . . + x n−2 ∈ X [n] | Supp{ξ x0 } = x 0 }, where x 0 , x 1 , . . . , x n−2 are fixed points on X. This curve is a generator of the extremal ray of the contraction map
Let β n represent the class of this curve in H 2 (X [n] , Z).
A stable map ϕ ∈ M g,k (X [n] , d) can be factorized through the product of punctual Hilbert schemes
where ϕ * (C) = dβ n and ϕ i is a morphism from C to the punctual Hilbert scheme X
[ni]
pi consisting of closed subschemes of X of length n i supported at a fixed point p i .
Suppose X admits a holomorphic 2-form θ. The reduction theorem basically says that the virtual cycle [M g,k 
vir is a homology class of a much smaller space consisting of stable maps ϕ satisfying that for each i, either ϕ i is a constant map or its support p i lies in the vanishing locus of θ. To extend the reduction theorem to an arbitrary projective surface, we have to consider meromorphic twoforms on X. The main part of the section §4 is to prove the reduction theorem for a general surface. The conclusion is similar except we replace the vanishing locus of a holomorphic two-form by the zero locus and pole locus of a meromorphic two-form.
Using the reduction theorem, we conclude that the two-point extremal GromovWitten invariants satisfy a universal formula with universal coefficients to be determined. To get the explicit expressions for the universal coefficients, we study the equivariant two-point extremal Gromov-Witten invariants on the projective plane P 2 equipped with a torus action. Using the localization, the computation is reduced to that on the complex plane C 2 which was done by Okounkov and Pandharipande in [O-P] . By the divisor axiom in the Gromov-Witten theory, we also get the formula for the quantum first Chern class operator expressed in terms of Heisenberg operators.
In this paper, all the homology and cohomology classes on X [n] are expressed in terms of Nakajima's basis. Let a i (α) be the Heisenberg operators on the direct sum of the cohomology of Hilbert schemes X
[n] over all n, where α is a cohomology class on X. Let M (q) be the quantum first Chern class operator c 1 (
is the tautological bundle on X [n] and ∪ π is the extremal quantum cup product defined via extremal Gromov-Witten invariants. We have the following theorem. Theorem 1.1. As an operator, the quantum first Chern class operator M (q) can be expressed in terms of Heisenberg operators as
Again by the divisor axiom in the Gromov-Witten theory, the two-point extremal Gromov-Wittin invariants of X
[n] is thus completely determined. As a corollary, Ruan's conjecture that
is also verified for two-point case. The paper is organized as follows. In Section two, we review some basic facts and notations about cohomology H * (X [n] ) of the Hilbert scheme X [n] , especially Nakajima's treatment of H * (X [n] ). We review the extremal Gromov-Witten invariants of Hilbert schemes. In Section three, we generalize the reduction technique via holomorphic two-forms of [K-L] to the case of meromorphic sections. In Section four, we prove the universality of two-point extremal Gromov-Witten invariants of X
[n] based on the reduction theorem. As the result, the mentioned Gromovinvariants only depend on certain universal coefficients. In the next two Sections, we study the operator M (q) and determine these universal coefficients by working on the projective plane with a torus action. We achieve this by using the localization technique to reduce to the computation of equivariant Gromov-Witten invariants on the complex plane, which was already done in [O-P] . In Section seven, we determine the explicit formula for the quantum first Chern class operator and the two-point extremal Gromov-Witten invariants of the Hilbert scheme. We also verify Ruan's conjecture for two-point case.
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Preliminary on Hilbert schemes
2.1. The cohomology groups H * (X [n] , C) of the Hilbert scheme. For a smooth, simply-connected projective surface X, we let X
[n] be the Hilbert scheme of length-n zero dimensional subschemes of X. The Hilbert scheme X
[n] is smooth; its HilbertChow morphism π :
It is known that the cohomology groups of X [n] form an infinite dimensional vector space
that is the highest weight irreducible representation of a Heisenberg algebra
of which the operators a i (α) satisfy the Heisenberg commutation relation
and the highest weight vector
We also know the generators of the vector space H * (X [n] , C): it is generated by elements of the forms
where ν : ν 1 ≥ ν 2 ≥ . . . ≥ ν r is a partition of n and α 1 , . . . , α r are cohomology classes of X. The same results hold for the homology groups of X [n] . The infinite dimensional vector space
is the highest weight irreducible representation of a Heisenberg algebra
where the operators a i (e) satisfy the Heisenberg commutation relation 2) and the highest weight vector
The homology group H * (X [n] , C) is also generated by classes
. . , e r ) = a −ν1 (e 1 ) . . . a −νr (e r )|0 .
It is known that P D −1 A ν = A ν if we take α i = P D −1 e i . The homology class A ν has a geometric description. If we represent e i by geometric representatives Z i ⊂ X, then A ν (e 1 , . . . , e r ) is a multiple of the closure of the set
A λ ∪A µ , the operator a i (α) is the adjoint operator of (−1) i a −i (α). A convention used through out the paper: for a subvariety Y of a variety X, we use [Y ] to represent the cohomology class in H * (X) dual to Y . For the details of the results quoted here, the readers can consult [Na2] .
2.2. Extremal Gromov-Witten invariants of Hilbert schemes. It is known that the Hilbert-Chow morphism π : X
[n] → X (n) contracts the curve class β n mentioned in the introduction; the class β n also spans the extremal ray of the morphism π (see [LQZ, V] ).
In this paper, we shall investigate the moduli space of genus zero stable morphisms to X
[n] with a d-multiple of the extremal curve β n as the fundamental class; we denote this moduli space by M 0,k (X [n] , d), where k stands for the number of marked points on the domains of the morphisms. The k-point extremal GromovWitten invariants are defined via
where
is the evaluation map at k marked points.
Using the extremal Gromov-Witten invariants (2.3), Ruan in [Ruan] defined an extremal quantum cup-product structure on H * (X [n] ) as follows: by denoting
he defined the quantum corrected cup product
The cohomology group H * (X [n] ) with so defined quantum product ∪ π is denoted by H * π (X [n] ). Chen and Ruan defined a ring structure on the orbifold cohomology group H * orb (M/G) of the quotient of a manifold M by a finite group G. We denote this cohomology ring by H * CR (M/G). Applying this to the quotient X (n) = X n /S n , we obtain the Chen-Ruan orbifold cohomology ring H * CR (X (n) ). The cohomological crepant resolution conjecture formulated by Ruan that relates the Chen-Ruan cohomology ring of an orbifold with the quantum corrected cohomology ring of its crepant resolution, in the case of Hilbert schemes, is of the following form:
Since the ring H * CR (X (n) ) was computed in [F-G, Ur] , to verify this conjecture, we need to derive an explicit form of the quantum corrected cohomology ring of H * π (X [n] ), which will be the task of the most of the remaining sections.
The reduction Lemma
Our approach relies on the reduction theorem of the virtual cycle of the moduli space M g,k (X [n] , d) observed by Lee-Parker in symplectic geometry. The algebrogeometric treatment is the localization technique worked out by Kiem and the first author in [K-L] . To begin with, we suppose the surface X admits a non-trivial holomorphic differential two-form θ ∈ Γ(Ω 2 X ). Then following Beauville, θ induces a holomorphic two form θ
[n] of the Hilbert scheme X [n] , and by the result of [K-L], it defines a regular cosection of the obstruction sheaf of
Here Ob M is the obstruction sheaf and O M is the structure sheaf of M. We remark that marked points don't play any role here. For simplicity, we only consider the case without marked points. This cosection reduces the virtual cycle of M to a smaller subset of it.
. Let Λ ⊂ M be the loci of points over which η fails to be surjective. Then the virtual cycle
To identify the vanishing loci of η, we recall the vanishing criterion stated in
To pinpoint such ϕ, we notice that because of our choice of the fundamental class of stable morphisms under investigation, the composite of any ϕ ∈ M with the Hilbert-Chow morphism π :
be the induced map. Then in case Spt(ϕ) = l n i p i , the morphism ϕ factors through the product of punctual Hilbert schemes:
in which each ϕ i is a morphism from C to the punctual Hilbert scheme X
is the preimage π −1 (mp) of mp ∈ X (m) .) In the following, we call the collection ϕ = (ϕ i ) the standard decomposition of ϕ and call p i the support of ϕ i . Note that the collection {ϕ i } is canonical except the ordering; the ordering depends on the ordering of points in Spt(ϕ).
Lemma 3.2. Let Λ θ ⊂ M be the set of those ϕ ∈ M whose decompositions ϕ = (ϕ i ) satisfying that for each i either ϕ i is a constant or its support p i = Spt(ϕ i ) lies in the vanishing locus of θ. Then the locus where η fails to be surjective is contained in Λ θ .
Proof. Suppose ϕ ∈ M lies in the vanishing loci of η and suppose ϕ = (ϕ i ) is its decomposition. By the criterion stated in [K-L], η(ϕ) = 0 if and only if ϕ * (T C reg ) lies in the null space of θ [n] . Because at a zero-dim subscheme ξ that is a union of l mutually disjoint zero-dim subscheme ξ i ∈ X
[ni] ,
and the form θ [n] is a direct sum of θ [ni] , the image space ϕ * (T C reg ) lies in the null space of θ
[n] if and only if ϕ i * (T C reg ) lies in the null space of θ [ni] for all i. Now suppose ξ i is supported at a single point p i . By the work of Beauville, the form 0) . Applying this to the support of ϕ i , we obtain the desired inclusion, thus proving the Lemma. This reduction Lemma is sufficient for our application in case we have a regular section θ ∈ H 0 (X, K X ). For general surfaces, we might not have such sections. Instead, we will work with meromorphic sections of K X and show that such sections will provide us the reduction lemma we need.
To this end, we let
. We then pick a locally free sheaf E that surjects onto
, of which the later surjects onto the obstruction sheaf Ob M . We let E be the vector bundle on M whose sheaf of sections is E. Then the construction of virtual cycle provides us a cone cycle V ∈ C * E whose intersection with the zero section of E gives rise to the virtual cycle [M] vir . Next, a meromorphic section θ of K X , viewed as a meromorphic section of Ω 2 X , induces a meromorphic section θ [n] of Ω 2 X [n] , and hence a meromorphic homomorphism η : E −→ O M . We let D 0 (resp. D ∞ ) be the vanishing (resp. pole) divisor of θ.
Adopting the proof of the previous lemma, we immediately see that the degeneracy loci of η:
Deg(η) = {ϕ ∈ M | either η is undefined or fails to be surjective at ϕ } is contained in the set of all ϕ = (ϕ i ) such that either for some i the support of ϕ i is contained in D 0 ∪ D ∞ or for each i the map ϕ i is a constant.
It is the purpose of the remaining section to prove the reduction Lemma, which says that the virtual cycle [M] vir lies in a much smaller set than Deg(η).
Proposition 3.3. Let Λ θ ⊂ M be the subset that consists of those ϕ ∈ M whose decompositions ϕ = (ϕ i ) have the property that for each i either ϕ i is constant or the support of ϕ i lies in the union
We first investigate the behavior of η over where it is undefined. For this, we introduce a partition of the moduli stack M based on the standard stratification of X (n) . Recall that the standard stratification of X (n) is indexed by the set of all partitions of n, and that to each partition λ = (λ 1 ≥ . . . ≥ λ l ) the stratum X λ is
Using preimages of the support map Spt : M → X (n) mentioned in (3.3), we obtain a partition of M indexed by λ: M λ = Spt −1 (X λ ), each endowed with the reduced stack structure.
To proceed, we shall split the maps in M λ into l individual maps. To achieve this, we need an ordering of the points occurring in the support of elements in X λ . We let
be the map that sends (ξ 1 , · · · , ξ l ) to ξ i . Within the domain of ψ λ , we let B λ be the open subset of all (ξ 1 , · · · , ξ l ) such that the support of ξ i are mutually disjoint. Clearly, ψ λ (B λ ) = X λ , and ψ λ : B λ → X λ isétale. Using B λ , we form U λ and the projection
with support Spt(ϕ) = ξ i , as in (3.4) ϕ canonically splits into l maps (ϕ 1 , · · · , ϕ l ) so that the support of ϕ i is ξ i . Obviously, this construction can be carried over to the family f λ . In this way, we obtain l morphisms
such that over each closed point (ϕ, (ξ i )) ∈ U λ the morphism f λ,i is the ϕ i alluded before.
Next we look at the obstruction sheaf Ob M . Recall that in constructing the virtual cycle we have picked a locally free sheaf E surjects onto the sheaf R 1 π * f * T X [n] . As shown in [L-T], we can pick E so that over each U λ , we have direct sum decomposition
and surjective homomorphisms
We next look at the meromorphic homomorphism η. Following its construction, η is the composite
in which the second arrow is induced by applying θ [n] , the third arrow by f * and the last isomorphism by Serre's duality. Similarly, replacing E by E λ,i and replacing
These individual (meromorphic) homomorphisms fit into the identity
, over where all make sense.
We now let Λ λ,i ⊂ U λ be those (ϕ, (ξ i )) such that either ϕ i are constant or the supports Spt(ϕ i ) of ϕ i satisfy
Mimicking the proof in [K-L], we immediately see that each η λ,i is surjective away from Λ λ,i . Then applying results in [K-L], we obtain Lemma 3.4. Away from Λ λ,i , the pull back cone  * λ N ⊂  * λ E is contained in the kernel of η λ,i . Namely,
Proof of Proposition 3.3. First we shall transform the problem from stacks to schemes. Let N ⊂ E be the cone over M whose intersection with the zero section gives the virtual cycle [M] vir . We let N α be the irreducible components of N with c α its multiplicities. For each α, we let T α ⊂ M be the image stack of the projection N α → M; we pick a proper variety T α and a morphism
so that φ α is generically finite. Since M has a projective coarse moduli space, such T α does exist.
We then let E α be the pull back vector bundle φ * α E, and let N α ⊂ E α be the subvariety so that under the projection E α → E| Yα the variety N α maps generically finitely onto N α . Since both N α and T α are irreducible, such N α is unique. Finally, we let s α be the zero section of E α ; let d α be the degree of the map φ α , which is identical to the degree of N α → N α . Then
The reduction Proposition will follow from the following reduction statement for each of the class s *
(3.8)
We now prove this statement for any fixed α. We first cover T α by open subsets V a so that each of its image φ α (V a ) is contained in the image of some U λ → M. By choosing V a small enough, we can assume that V a → M lifts to φ aλ : V a → U λ . Using this, we can pull back the direct sum decomposition (3.6) and the meromorphic homomorphisms η λ,i :
We denote E a,i = φ * aλ E λ,i and η a,i = φ * aλ η λ,i . Like what we have done in [K-L], we shall pick (smooth) almost splittings of the above homomorphisms. To control the behavior of these splittings near φ −1 aλ (Λ λ,i ), we pick a small (analytic) neighborhood Λ ǫ λ,i of Λ λ,i ⊂ U λ so that it deformation retracts to Λ λ,i . Over V a , we then pick a smooth section δ a,i ∈ C ∞ (V a , E a,i ) so that
(2) the support of δ a,i , which is the (analytic) closure of {δ a,i = 0}, is disjoint from φ −1 aλ (Λ λ,i ); (3) for w ∈ V a with δ a,i (w) = 0, η a,i (δ a,i (w)) is a positive real number.
By first picking a smooth section h of E a,i over V a − φ −1 aλ (Λ λ,i ) so that η a,i • h = 1 and then multiplying it by a cut off function, we obtain the desired smooth section δ a,i .
Because of our choice of δ a,i , the section
has the property that
(1) δ a (w) = 0 if and only if δ a,i (w) = 0 for all i; (2) in case δ a (w) = 0, then the fiber of N α over w, N α | w , lies in the kernel of η a,i (w) : E α | w → C for all i of which δ a,i (w) = 0.
Therefore, away from δ −1 a (0) the cone N α | Va lies in the kernel of δ a : E α | Va → C Va . Our last step is to pick a partition of unity g a : V a → R ≥0 of the covering {V a }; namely {g a > 0} ⋐ V a (its closure in V a is compact) and a g a ≡ 1 on T α . The sum
is then a smooth section of E α . It is direct to check that away from δ α = 0, the cone N α is disjoint from δ α . This proves that 
. This proves the reduction Proposition.
Universality of two point Gromov-Witten invariants
In this section, we will use the technique developed in the previous section to prove a structure result on the two-point extremal Gromov-Witten invariants of a general algebraic surface.
We consider the moduli space M 0,2 (X [n] , d) of two point genus zero stable morphisms to X
[n] of the d-multiple of the extremal curve class β n as the fundamental class. To determine the two point Gromov-Witten invariants of this moduli space, we need to investigate all possible
Using the reduction Proposition of the previous section, we shall prove in this section that, with A i chosen among the Nakajima basis, all but a few such numbers vanish; and, for those that don't, their values only depend on the intersection of K X with the relevant curve classes involved.
To this end, we shall first recall the Nakajima basis of H * (X [n] ) and their geometric representatives. We let µ 1 , µ 2 and µ 3 be three partitions of lengths ℓ(µ 1 ) = r, ℓ(µ 2 ) = s and ℓ(µ 3 ) = t; we write
and write µ 2 and µ 3 accordingly. For the point class q ∈ H 4 (X), curve classes c 1 , · · · , c s ∈ H 2 (X) and the fundamental class [X] ∈ H 0 (X), the triple µ = (µ 1 , µ 2 , µ 3 ) gives a cohomology class
By going through all possible µ i and classes c i , the above form a basis of the cohomology groups of X [n] . To proceed, we keep one such homology class A µ c as in (4.1) and pick three more partitions λ 1 , λ 2 and λ 3 of lengthes a, b and c; pick curve classes e 1 , · · · , e b ∈ H 2 (X) and form
Again, it is a cohomology class of We pick points q 1 , . . . , q r , p 1 , . . . , p a in X; pick Riemann surfaces C i and E j that represent the Poincaré dual of the classes c i and e j , respectively. Without lose of generality, we can pick these points and Riemann surfaces in general position that any subcollection of them intersects transversally. Then the Poincaré dual of A 
Because the expected dimension of the moduli space
Then because the operators a −k (q), a −k (c i ) and a −k ([X]) increase cohomology degrees by 2k + 2, 2k and 2k − 2 respectively, the cohomology degree of A µ c is 2(n + ℓ(µ 1 ) − ℓ(µ 3 )). Therefore, the above identity forces = 0, there is an (f, Σ) in the intersection (4.4). We let its support be the zero-cycle
is surjective, and that
For the same reason, since f ∈ π −1 (A 
We first show that ℓ(λ 3 ) ≥ ℓ(µ 1 ). Indeed, since q 1 , · · · , q r are distinct, v 1 : [r] → Im(v 1 ) is an isomorphism. But then because of our general position requirement on the points p i and q j 's and of the Riemann surfaces C i and E i 's, q 1 , . . . , q r do not
For the same reason, we have ℓ(µ 3 ) ≥ ℓ(λ 1 ). Combined with (4.3), we obtain the first conclusion of the Proposition. Now suppose δ = 0; namely, ℓ(µ 1 ) = ℓ(λ 3 ), then all the identities above hold. In particular, u 3 is an isomorphism [c] ∼ = Im(u 3 ) ∼ = Im(v 1 ).
We next show that Im(v 3 ) = Im(u 1 ) ∪ {k 0 } for an integer k 0 ∈ [k] − Im(u 1 ). First, following the same reason as before, we have Im(u 1 ) ⊂ Im(v 3 ). Because #Im(u 1 ) = ℓ(λ 1 ) and because ℓ(λ
. We will show that only the later can happen.
For this, we decompose f into k individual morphisms
xi , where
is the preimage of mx ∈ X (m) under the Hilbert-Chow morphism
, there is at least one k 0 so that f k0 is non-constant. By the characterization of Λ θ , this is possible only if x k0 ∈ D 0 ∪ D ∞ . Because of this, x k0 = p i 's, and thus k 0 ∈ Im(u 1 ); also k 0 ∈ Im(u 3 ) because Im(u 3 ) = Im(v 1 ). Thus there is an
, which then exclude the possibility that x k0 ∈ C j 's. Hence k 0 ∈ Im(v 3 ); and Im(v 3 ) = Im(u 1 ) ∪ {k 0 }. Note that this also proves that f k0 is the only non-constant f j 's. Now let i ∈ [b] − {i 0 } and consider x u2(i) . Because
; hence there is a j ∈ [s] so that u 2 (i) = v 2 (j), and consequently x u2(i) ∈ E i ∩ C j . Because C i 's and E j 's are in general positions, once x u2(i) ∈ E i ∩ C j , it does not lie in any other E i ′ 's and C j ′ 's. In particular, u
Combined, we see that the map u 1 ⊔ u 2 ⊔ u 3 is injective and thus is an isomorphism. Similarly, v 1 v 2 v 3 is also an isomorphism. Therefore, by (4.6) and (4.7), we have
Putting them together, we have proved, in case δ = 0, that λ 3 = µ 1 as partitions, that there is an integer ℓ so that λ 2 is µ 2 with ℓ added, and that λ 1 is µ 3 with ℓ deleted. Furthermore, the decomposition of f has all but one component constant; the non-constant component is the one associated to the part ℓ. 
Corollary 4.2. Suppose λ and µ fit into the case δ = 0 in Proposition 4.1, then
Proof. The proof is obvious and is omitted.
Thus we only need to determine a −ℓ (e)|0 , a −ℓ ([X])|0 )
. For this we have Lemma 4.3. There exists a universal function c ·,· such that for any positive integers ℓ and d, and homology class e ∈ H 2 (X),
Proof. We first introduce the universal constant c ℓ,d . We let U be a smooth analytic surface, let θ + ∈ H 0 (U, K U ) be an analytic section vanishing along a smooth curve C ⊂ U , and let E ⊂ U be another smooth curve that intersects transversally with C at a single point p ∈ U . We can form the Hilbert scheme U [ℓ] as an analytic space and form the moduli of stable morphisms M 0,2 (U [ℓ] , d). By choosing U as an analytic open subset of a smooth algebraic surface, both U
[ℓ] and the moduli space are analytic spaces of a projective scheme and of a Deligne-Mumford stack; thus their existence are well established.
We now apply the localization by holomorphic two-form to this moduli space. First, the form θ + allows us to represent the virtual cycle δ of M 0,2 (U [ℓ] , d) as a homology class in the Borel-Moore homology group H BM * (Λ θ+ ), of the set Λ θ+ that is defined in (3.2). By the explicit construction of Λ θ+ , the Cartesian product
is compact. Here ι is the tautological embedding and ev 1 is the morphism defined by evaluating on the first marked point. Hence because U [ℓ] is smooth, the Gysin map
) sends a Borel-Moore homology class to ordinary homology class.
We let  * be the Gysin map associated to the taugological inclusion and the second evaluation map:
Note that (a −ℓ (E)|0 ) is a closed subset of (a −ℓ (X)|0 ), and thus
Then an easy dimension count gives us
We let c ℓ,d be the degree of this cycle. We remark that by the construction of the localized virtual cycle δ and by the property of the Gysin maps, the so defined number is universal in the sense that it does not depend on the choice of the surface U , the form θ + and the curve C, so long as θ −1 + (0) intersects E transversally at a single point. We define another universal constant c − ℓ,d similarly. We keep the surface U , the curve C, but replace the holomorphic two form θ + by a meromorphic two-form θ − that has no vanishing divisor and has a smooth pole divisor E that intersects C transversally at a single point. Then we take localized virtual cycle
, and define c − ℓ,d to be the degree of the class
To proceed, we represent the Poincaré dual of e as
where E 1 and E 2 are two smooth very ample divisors, E 0 ⊂ X is a Riemann surface disjoint from D 0 ∪D ∞ , and α 1 , α 2 are non-negative rational numbers. Then because
by the linearity of GW-invariants, we have
Then since we can arrange E i to intersects D 0 and D ∞ transversally, the above sum is
The identity c
is easy to see. We let X be a smooth K3 surface. Since its Hilbert scheme is holomorphic symplectic, all its GW-invariants vanish. On the other hand, since K X is trivial, we can find a meromorphic two form θ so that D 0 and D ∞ are non-empty. Following what we just proved, say take E 2 = ∅, we have
for all smooth divisor E 1 . This proves c 
The quantum first Chern class operator
The Hilbert scheme X [n] admits a universal subscheme
, where π 1 is the first factor projection, is a locally free sheaf of rank n. We use O
[n] to denote this sheaf. The first Chern class c 1 (O [n] ), treated as an operator on the cohomology ring H * (X [n] ) via the cup product, plays the fundamental role in determining the ring structure of H * (X [n] ) (see [Lehn, LQW, C-G] ). Naturally, the action of c 1 (O [n] ) on H * (X [n] ) via the quantum cup product should play the equally important role in the quantum cohomology ring H * π (X [n] ). We call c 1 (O [n] )∪ π the quantum first Chern class operator on H * π (X [n] ) when it acts via the quantum product defined in subsection §2.2.
When X = C 2 , the equivariant quantum first Chern class is determined in [O-P] via localization technique. The main task of the rest of the paper is to determine the quantum first Chern class operator for simply-connected surfaces.
Consider the operator
Here for k ≥ 1, τ k * : H * (X) → H * (X k ) is the linear map induced by the diagonal embedding τ k : X → X k , and a m1 . . .
From Lehn's result [Lehn] (see [Q-W] also), M (0) is the first Chern class operator,
To calculate M (q)(A µ c ), it suffices to carry out the following computations:
For the first term in (5.1), we have
For the second term in (5.1), we have
For the third term in (5.1), we have
The following result is the analogue of the Proposition 4.1.
In addition, assume ℓ(µ 3 ) = ℓ(λ 1 ) + 1 and ℓ(λ 3 ) = ℓ(µ 1 ). Then λ 3 = µ 1 as partitions, and there exists an integer ℓ = µ 
Since the second term and the third term in (5.1) only contribute to the constant term of A λ e , M (q)(A µ c ) , we only need to consider the first term in (5.1).
Then, for the terms in the summation of (5.2) and (5.3), the number of terms
The contribution from the terms in the summation of (5.2) must be zero since the number of terms a −k ([pt]) there is ℓ(µ 1 ) + 1 > ℓ(λ 3 ). Each term in the summation of (5.3) has one more a −k ([curve]) term and one less a −ℓ ([X]) term than A µ c . Thus by the Heisenberg commutation relation, we prove the Proposition.
The projective plane
In Proposition 4.1 in §4, we see that the two point extremal Gromov-Witten invariants can be reduced to the computation of the case
where C is a curve. By Lemma 4.3, it suffices to carry out the computation for a particular surface. We choose the projective plane. Since it is a toric surface, we can use computations in [O-P] for the affine plane.
The main purpose of this section is to prove the following result.
Proposition 6.1. Let L be a line on the projective plane X. We have
Since X is a toric surface, we can use the localization technique to compute the corresponding equivariant Gromov-Witten invariants. Since both sides of (6.1) are non-equivariant, we get the conclusion of the Proposition 6.1. The equivariant set-up is as follows.
Let [z 1 , z 2 , z 2 ] represent a point in the projective space X = P 2 , and
We have H * 
is the Poincaré duality morphism. Note the unusual convention on the degree of the equivariant homology: if Y has real codimension k in X, then [Y ] is a class in H T k (X) (see [Vas] ). There are three T-fixed points:
At q 1 , under the identification [z 1 , z 2 , z 3 ] = [1, z 2 /z 1 , z 3 /z 1 ], the group T acts as (s 1 , s 2 , s 3 ) · (z 2 /z 1 , z 3 /z 1 ) = (s 2 s −1 1 z 2 /z 1 , s 3 s −1 1 z 3 /z 1 ) for (s 1 , s 2 , s 3 ) ∈ T.
The normal bundle N 1 of q 1 in X, as a T-module, is isomorphic to T as T-modules, where N i is the normal bundle of q i in X regarded as a T-module.
Let L 1 be the line in X passing through q 2 and q 3 , L 2 be the line passing through q 1 and q 3 , and L 3 be the line passing through q 1 and q 2 . Near q 1 , L 3 is given by the equation z 3 /z 1 = 0 and near q 2 , L 3 is given by the equation z 3 /z 2 = 0. Thus by the localization, in the localized equivariant cohomology (6.9)
The first equality comes from τ 3 * (q i ) = q i × q i × q i and the localization formula for X expressed in terms of fixed points q i . Combination of the formulae (6.6), (6.7), (6.8) and (6.9) gives the conclusion of the Proposition.
7. General surfaces and applications 7.1. General surfaces. One-point extremal Gromov-Witten invariants on the Hilbert scheme X
[n] for a simply-connected projective surface X are computed in [L-Q]. As a consequence, the 3-point extremal Gromov-Witten invariants are computed for X [2] and the Ruan's Cohomological Crepant Resolution Conjecture holds in this case.
In this section, we will determine two-point extremal Gromov-Witten invariants of X [n] .
Theorem 7.1. Let X be a simply connected projective surface. Then Proof. Let L(q) denote the left hand side of (7.1) and R(q) denote the right hand side of (7.1). If ℓ(λ 3 ) − ℓ(µ 1 ) + ℓ(µ 3 ) − ℓ(λ 1 ) = 1, both L(q) and R(q) equal to zero for the cohomological degree reason.
If ℓ(λ 3 ) − ℓ(µ 1 ) + ℓ(µ 3 ) − ℓ(λ 1 ) = 1, but ℓ(λ 3 ) = ℓ(µ 1 ) and ℓ(µ 3 ) = ℓ(λ 1 ), by Proposition 4.1 and Proposition 5.1, we have Thus we proved the formula (7.2).
Remark 7.2. When the surface X is K3, the combination of results in [L-S] and [F-G, Ur] verifies Ruan's conjecture. When X = P 2 , it is is shown in [ELQ] that the three-point extremal GW-invariants for X [3] can be reduced to two-point extremal GW-invaraints. By the result in this paper, the three-point extremal GW-invariants for X [3] are determined.
